Abstract. This paper classifies irreducible, integrable highest weight modules for "current Kac-Moody Algebras" with finite dimensional weight spaces. We prove that these modules turn out to be modules of appropriate direct sums of finitely many copies of Kac-Moody Lie algebras.
Introduction
Weight modules of current algebras have been studied by several authors recently. A complete classification of the simple weight modules for current algebras has been given by D. Britten, M. Lau and L. Frank ( [4] ). In ( [2] ), M. Bennett, A. Berenstein, V. Chari, A. Khoroshkin and S. Loktev studied Macdonald polynomials and BGG reciprocity for current algebras. The purpose of this paper is to classify irreducible, integrable, highest weight modules for current Kac-Moody algebras g A with finite-dimensional weight spaces . Let g be a Kac-Moody Lie algebra. Let h be a Cartan subalgebra of g. Let g ′ = [g, g] be the derived algebra of g. Let h ′ = h ∩ g ′ and h ′′ be a complimentary subspace of h ′ in h. Then h = h ′ ⊕ h ′′ . Let A be a commutative, associative, unital algebra which is finitely generated over C.
Let g A = (g ′ ⊗ A) ⊕ h ′′ . These algebras include the finite-dimensional simple
Lie algebras, the multi-loop algebras g ⊗ C[t In Section 2, we define current Kac-Moody algebra g A and its highest weight module(Definition 2.1). Using ψ defined in Definition 2.1, we get the unique irreducible g A -module V (ψ). Our main problem is to find out when V (ψ) has finite-dimensional weight spaces. In Lemma 2.3, it has been shown that V (ψ) has finite dimensional weight spaces with respect to subalgebra h In Section 3, we define radical of an ideal I in a commutative ring and also define integrable modules for g A . In the main Theorem 3.3, we show if V (ψ) is an integrable g A -module with finite dimensional weight spaces, then V (ψ) is a module for ⊕ k−times g ′ ⊕ h ′′ , which is a direct sum of k-copies of Kac-Moody
Lie algebras. It is well known that
where λ 1 , λ 2 , ..., λ k are dominant integral weights of g.
Preliminaries
Let g be any Kac-Moody Lie algebra. Let h be a Cartan subalgebra of
a commutative, associative, unital algebra which is finitely generated over 
and it can be made into a Lie algebra by defining
Lie algebra.
Definition 2.1 A g A -module W is said to be a highest weight module if there exists a weight vector v in W such that
Let ψ be as in Def 2.1 and let C(ψ) be a one-dimensional vector space. Let
where
By standard arguments one shows that M(ψ) is an h-weight module and has a unique irreducible quotient, which we will denote by V (ψ). Our problem is to find out when V (ψ) has finite dimensional weight spaces. By definition an ideal I in A is cofinite if and only if A/I is a finite dimensional vector space over C.
Lemma 2.2 Suppose I and J are cofinite ideals of A, Then IJ is also a cofinite ideal of A. In particular, if I 1 , I 2 , ...., I n are cofinite ideals of A, then
Proof.
Since A is a finitely generated algebra over the field C, we note that A is always Noetherian. Since I is a cofinite ideal of A, so by definition the quotient ring A/I is a finite dimensional vector space over C. The quotient ring A/I is a finite dimensional vector space over C if and only if it is Artinian, i. e. it is Noetherian and of Krull dimension 0. Krull dimension 0 means by definition every prime ideal is maximal. Since I and J are ideals of A and A is Noetherian, hence A/IJ is also Noetherian(being the homomorphic image of A). Therefore to prove that A/IJ is again cofinite, it is enough to prove that every prime ideal in A/IJ is maximal. Now, every prime ideal P in A/IJ corresponds to a prime ideal in A which contains the product ideal IJ and hence it must contain one of the ideal I or J. Therefore this prime ideal corresponds to a prime ideal either in A/I or in A/J. This proves that it must be maximal by assumption of confinite on I and J. This completes the proof. 
In order to prove Claim 1 we will prove that
It is sufficient to prove ( * ) for simple roots. We note that if j = i, then 
The second term is zero as v is a highest weight vector. The first term is zero by induction. Since (X −α ⊗ I)v is killed by X α i ⊗ A for α i simple, it is easy to see that (X −α ⊗ I)v is a highest weight space of weight ψ − α. But V (ψ) is an irreducible highest weight module and hence (X −α ⊗ I)v = 0. So
So we have proved g ′ ⊗ Iv = 0. Now consider
It is easy to see that W is a g A -submodule of V (ψ). Since v ∈ W , so W is nonempty. So W is a nonzero submodule of V (ψ). But V (ψ) is irreducible.
Hence W = V (ψ). This implies g ′ ⊗ I.V (ψ) = 0.
Conversely if g ′ ⊗ I.V (ψ) = 0 for some I. We know that h
and Cv ⊂ V (ψ). Hence h ′ ⊗ Iv = 0.
✷
Proof of Lemma 2.3. Suppose I is a cofinite ideal of A such that
So V (ψ) is a module for (g ′ ⊗ A/I) and hence V (ψ) has finite dimensional weight spaces using PBW theorem.
Conversely suppose V (ψ) has finite dimensional weight spaces. Let α i be a simple root in ∆ + and X α i be a root vector for the root α i . Consider X −α i be a root vector for the root −α i such that [X α i , X −α i ] = h i . Consider
Claim I i is a cofinite ideal of A.
First we show that I i is an ideal of A. We have for a ∈ I i and b
This shows that ab ∈ I i , so I i is an ideal of A. Now we observe that elements of the form X −α i ⊗ av, a ∈ A are contained in the weight space
which is a finite dimensional space, by hypothesis.
Let a 1 , a 2 , ..., a n ∈ A, where n > k. Then
So they must be linearly dependent vectors. So for m 1 , m 2 , · · · , m n ∈ C, we have
This shows that dimA/I i ≤ k. So I i is a non-zero cofinite ideal of A. Let rank of g = l and consider I = I It is easy to see that √ I is an ideal itself containing I.
2) For all real roots α of g and for all a ∈ A and v ∈ V , there exists
, where X α is the root vector corresponding to root α. Proof. Since V (ψ) has finite-dimensional weight spaces, so by Lemma 2.3, there exists a cofinite ideal I of A such that ψ(h ′ ⊗ I) = 0. We define a cofinite ideal √ I as in Defiinition 3.1 such that
which is a radical ideal of A, call it J.
Consider the map 
where a i 1 , a i 2 , ..., a i k ∈ {a 1 , ..., a k }. For sufficiently many a i 's the product a i k ..a i 2 a i 1 will be in I. Hence Kerφ = g ′ ⊗ J/I is a solvable Lie algebra.
Let α i be a simple root of g. Let X α i , X −α i , h α i be a sl 2 -triplet and g α i be the span of X α i , X −α i and h α i and consider g α i = g α i ⊗ A/I, which is finitedimensional. Let W be g α i -module generated by v i.e. W = U(g α i )v. Since V (ψ) is integrable and h α i ⊗ A/I acts as scalars on v, we conclude that W is finite-dimensional. By restricting the action of the solvable Lie algebra g α i ⊗ J/I to W , we get a vector w ∈ W (using Lie's Theorem) such that g α i ⊗ J/I acts as scalars on w. Using Proposition 2.1 ([10]), we get that
Without loss of generality, we can assume w is a weight vector. Here X =
But by weight argument X = hX + , X − has to be a constant. So
, ...., a ′ ir , a 1 , ..., a l ∈ A. We see that by (1) 
